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UNIFORM BOUNDS OF DISCRETE BIRMAN-SCHWINGER
OPERATORS
YUKIHIDE TADANO AND KOUICHI TAIRA
Abstract. In this note, uniform bounds of the Birman-Schwinger operators in
the discrete setting are studied. For uniformly decaying potentials, we obtain
the same bound as in the continuous setting. However, for non-uniformly
decaying potential, our results are weaker than in the continuous setting. As
an application, we obtain unitary equivalence between the discrete Laplacian
and the weakly coupled systems.
1. Introduction
We consider the discrete Schro¨dinger operators:
H = H0 + V (x) on H = l2(Zd),
where H0 is the negative discrete Laplacian
H0u(x) = −
∑
|x−y|=1
(u(y)− u(x)),
and V is a real-valued function on Zd. In this note, we study uniform bounds of
the Birman-Schwinger operators:
sup
z∈C\R
∥∥∥|V | 12 (H0 − z)−1|V | 12∥∥∥
B(H)
<∞.(1)
As an application, we give sufficient conditions for V that H0 and H are unitarily
equivalent. We also give examples of potentials for which (1) does not hold. Though
this subject is studied in a recent preprint [1], their assumptions are stronger than
ours and some proofs seem incomplete. One of the purposes of this note is to
generalize their results and give an alternative proof.
We denote the Fourier expansion by Fd:
uˆ(ξ) = Fdu(ξ) =
∑
x∈Zd
e−2piix·ξu(x), ξ ∈ Td = Rd/Zd.
Then it follows that
FdH0u(ξ) = h0(ξ)Fdu(ξ),
where h0(ξ) = 4
∑d
j=1 sin
2(piξj), and hence σ(H0) = [0, 4d]. We denote the set of
the critical points of h0 by Γ:
Γ = {ξ ∈ Td | ∇h0(ξ) = 0} = {ξ ∈ Td | ξj ∈ {0, 1/2}, j = 1, ..., d}.
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We call ξ ∈ Γ an elliptic threshold if ξ attains maximum or minimum of h0 and a
hyperbolic threshold otherwise.
For a measure space (X,µ), Lp,r(X,µ) denotes the Lorentz space for 1 ≤ p ≤ ∞
and 1 ≤ r ≤ ∞:
‖f‖Lp,r(X) =
{
p
1
r (
∫∞
0 µ({x ∈ X | |f(x)| > α})
r
pαr−1dα)
1
r , r <∞,
supα>0 αµ({x ∈ X | |f(x)| > α})
1
p , r =∞,
Lp,r(X,µ) = {f : X → C | f : measurable, ‖f‖Lp,r(X) <∞}.
Moreover, we denote Lp,r(Rd) = Lp,r(Rd, µL) and l
p,r(Zd) = Lp,r(Zd, µc), where
µL is the Lebesgue measure on R
d and µc is the counting measure on Z
d. For a
detail, see [6].
First, we state our positive results:
Theorem 1.1. (i) Let d ≥ 4. If V ∈ l d3 ,∞(Zd), then (1) holds.
(ii) Let d ≥ 3. If |V (x)| ≤ C(1 + |x|)−2 for some C > 0, then (1) holds.
Corollary 1.2. Under the condition of Theorem 1.1 (i) or (ii), H = H0 + λV is
unitarily equivalent to H0 for small λ ∈ R.
Remark 1.3. For Theorem 1.1 (ii), we show stronger results in Proposition 3.4. For
Theorem 1.1 (i), we also obtain stronger results: Uniform resolvent estimates in
Lorentz spaces as in Proposition 3.3.
Remark 1.4. In [9] and [20], the authors prove the absence of eigenvalues ofH0+λV
for small λ ∈ R if |V (x)| ≤ C(1 + |x|)−2−ε for some C > 0 and ε > 0 with d = 3
and V ∈ l d3 (Zd) with d ≥ 4 respectively. In [1], (1) is proved under stronger
assumptions: |V (x)| ≤ C〈x〉−2(d+3) with d ≥ 3. Moreover, in [14], (1) is established
for V ∈ lp(Zd) with 1 ≤ p < 6/5 if d = 3 and 1 ≤ p < 3d/(2d+ 1) if d ≥ 4. The
authors in [14] also study the scattering theory of H0 + V .
Remark 1.5. Theorem 1.1 (ii) holds if H0 is replaced by a Fourier multiplier
F−1d eFd, where e is a Morse function on Td. In fact, any Morse function can
be deformed into ultrahyperbolic operators near its critical points. Thus we can
apply the arguments in Section 3 directly. On the other hand, the authors are not
confident whether we may replace H0 by F−1d eFd in Theorem 1.1 (i) due to the
difficulty of multidimensional versions of the van der Corput lemma.
Remark 1.6. Theorem 1.1 (ii) is optimal as is shown in Theorem 1.11 below. How-
ever, the authors expect that Theorem 1.1 (i) is far from optimal.
Corollary 1.2 follows from Theorem 1.1 and the following classical result due to
T. Kato:
Lemma 1.7 ([17, Theorem XIII.26]). Let H0 be a positive self-adjoint operator on
a Hilbert space H and let V be a bounded self-adjoint operator on H. If
sup
z∈C\R
∥∥∥|V | 12 (H0 − z)−1|V | 12∥∥∥
B(H)
<∞,
then H0 and H0 + λV are unitarily equivalent for small λ ∈ R.
Moreover, we state the existence of the boundary values of the free resolvent
near Γ:
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Theorem 1.8. Suppose s > 1. Then, 〈x〉−s(H0 − z)−1〈x〉−s is Ho¨lder continuous
in B(H) with respect to z ∈ C∓ = {z ∈ C | ∓ Im z > 0}. In particular, the
incoming/outgoing resolvents
〈x〉−s(H0 − µ± i0)−1〈x〉−s
exist in the operator norm topology of B(H) for µ ∈ [0, 4d].
As a corollary, we have upper bounds of the number of discrete eigenvalues of
H0 + λV +W when W is finitely supported.
Corollary 1.9. Let H = H0+λV , where V satisfies the condition of Theorem 1.1
(i) or (ii) and λ ∈ R is small. Let W be a real-valued finitely supported potential.
Then
dimKer (H +W − µ) ≤ #{x ∈ Zd |W (x) 6= 0}
for any µ ∈ R and
dimRan EppH+W ((−∞, 0]) ≤ #
{
x ∈ Zd |W (x) < 0} ,
dimRan EppH+W ([4d,∞)) ≤ #
{
x ∈ Zd |W (x) > 0} ,
where dimEppH+W (I) denotes the projection onto the eigenspace of H +W corre-
sponding to the eigenvalues contained in I ⊂ R.
Remark 1.10. This corollary appears in [1, Corollary 2.4] under different assump-
tions in a stronger form. However, their argument seems to be incomplete. Indeed,
their proof of the positivity of the quadratic form (ϕ, [V, iA]ϕ)H on the eigenspace
of H0 + V does not work when H0 + V has at least two eigenvalues, where V is a
real-valued function with finite support and A is the conjugate operator associated
to H0.
Next, we state our negative results:
Theorem 1.11. (i) Suppose d = 1 or 2. For a non positive potential V ∈
l∞(Zd) which is not identically zero and vanishes at infinity, (1) does not
hold. Moreover, H0 + λV has at least one eigenvalue for all λ > 0.
(ii) Suppose d = 2. Let χ ∈ C∞(Td) be a non-negative function which is equal
to 1 near {ξ1, ξ2 ∈ {1/4, 3/4}} and is supported near {ξ1, ξ2 ∈ {1/4, 3/4}}.
Then, there exists w ∈ l2,∞(Zd) such that
sup
z∈C\R
‖wχ(D)(H0 − z)−1w‖B(H) =∞.(2)
Moreover, χ(D)(H0 − z)−1 is not uniformly bounded in B(lp(Zd), lq(Zd))
for 1 ≤ p ≤ ∞ and q <∞.
(iii) Let d ≥ 3 and q > d+23 . Then, there exists V ∈ lq,∞(Zd) such that (1)
does not hold. In particular, if d ≥ 5 then there exists V ∈ l d2 ,∞(Zd) such
that (1) does not hold.
(iv) Let d ≥ 3 and V (x) = (1 + |x|)−α for 0 ≤ α < 2. Then (1) does not hold.
Remark 1.12. Theorem 1.11 (i) for d = 2 was conjectured in [20].
Remark 1.13. Theorem 1.11 (i) and (iv) hold even when H0 is a Fourier multiplier
F−1d eFd with a Morse function e. We expect that (iii) also holds for such operators,
however we have no proof for the moment.
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Remark 1.14. The left hand side of (2) is finite for the continuous Schro¨dinger
operator H0 = −∆ on L2(R2), w ∈ Lq,∞(R2) (2 < q ≤ 3), and χ ∈ C∞c (Rd)
which is supported away from the threshold 0. For a proof, we use [19, Theorem
5.8] (uniform resolvent estimates for the two dimensional case), a real interpolation
argument, and Ho¨lder’s inequality as in the proof of [15, Corollary 2.3].
There are various works concerning bounds of Birman-Schwinger operators for
the continuous Schro¨dinger operators (see [11], [13], [17]). For H0 = −∆ on L2(Rd)
with d ≥ 3, it is known that (1) holds for V ∈ L d2 ,∞(Rd) (see [13]). Moreover, this
result is sharp in the sense that (1) does not hold for V (x) = |x|− dq ∈ Lq,∞(Rd) if
q 6= d2 . In fact, by scaling
‖|x|− d2q (−∆− z)−1|x|− d2q ‖B(H) = ε2−
d
q ‖|x|− d2q (−∆− ε2z)−1|x|− d2q ‖B(H)
holds and we consider the limits as ε → 0 and ε → ∞. Cuenin’s examples in [4,
Remark 1.9] which are based on the examples by Frank and Simon ([5], see also
[8]) show that there exists a sequence of real-valued potentials Vn which satisfy
|Vn(x)| ≤ C(n+ |x|)−1 and induce an embedded eigenvalue of H0 + Vn.
We compare our results with the continuous case. For uniformly decaying poten-
tials V (x) = (1+ |x|)−α, the range of α where (1) holds is the same as in the case of
continuous Schro¨dinger operators. However, for non-uniformly decaying potentials,
for example V ∈ lp,∞(Zd), the classes of potentials where (1) holds differ between
the discrete case and the continuous case. It seems that this is a consequence of
the anisotropy of the discrete Laplacian.
Our paper is organized as follows. In section 2, in order to study properties of the
resolvent of H0 near Γ, we investigate properties of the ultrahyperbolic operators.
In section 3, we prove our positive results Theorems 1.1, 1.8 and Corollary 1.9. In
section 4, we give the proofs of our negative results Theorem 1.11.
We use the following notations throughout this paper. For Banach spaces X
and Y , B(X,Y ) denotes a set of all bounded linear operators from X to Y . We
denote the norm of a Banach space X by ‖ · ‖X . We also denote (·, ·)X by the inner
product of a Hilbert space X . Moreover, we write B(X) = B(X,X). We denote
〈x〉 = (1+ |x|2) 12 and Dx = (2pii)−1∇x for x ∈ Rd. A symbol F denotes the Fourier
transform on Rd:
Fu(ξ) =
∫
Rd
e−2piix·ξu(x)dx, ξ ∈ Rd.
For χ ∈ C∞(Td) or χ ∈ C∞c (Rd), we denote χ(D) = F−1d χFd or χ(D) = F−1χF
respectively. For h ∈ C∞(Td) or h ∈ C∞(Rd), a ∈ R and a compactly supported
smooth function f , if ∇h 6= 0 on {h(ξ) = a} ∩ supp f , set
δ(h(D)− a)f(x) =
∫
{h=a}
fˆ(ξ)e2piix·ξ
dσ(ξ)
|∇h(ξ)| ,
where dσ is the induced surface measure.
We give a useful formula. Let N ⊂ Td or N ⊂ Rd be a submanifold which has
the following graph representation:
N = {ξ | ξ1 = f(ξ′)}
where we write ξ = (ξ1, ξ
′) and f is a d−1-variable smooth function. Then we have
dσ(ξ) =
√
1 + |∇f(ξ′)|2dξ′.(3)
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2. Ultrahyperbolic operators
Let d ≥ 2, 0 ≤ k ≤ d and let
p(ξ) = pk(ξ) = ξ
2
1 + ...+ ξ
2
k − ξ2k+1 − ...− ξ2d
for ξ ∈ Rd.
Definition 1. A differential operator P is called an ultrahyperbolic operator with
index 0 ≤ k ≤ d if P has the following form:
P =
k∑
j=1
D2xj −
d∑
j=k+1
D2xj = −
1
(2pi)2
(
k∑
j=1
∂2xj −
d∑
j=k+1
∂2xj ).
Note that P = F−1pF .
In this section, we study resolvent bounds of the ultrahyperbolic operators. Since
h0 is a Morse function on T
d, near each critical value q ∈ Γ, h0 can be expanded
to as the following:
h0(ξ) = h0(q) + (2pi)
2(
k∑
j=1
η2j −
d∑
j=k+1
η2j ) + O(|η|3),
where η = ξ − q. Thus we study the ultrahyperbolic operators for analyzing the
resolvent of the discrete Schro¨dinger operator near the thresholds.
2.1. Limiting absorption principle for ultrahyperbolic operators. In this
subsection, we state a limiting absorption principle for the ultrahyperbolic opera-
tors. Let P be the ultrahyperbolic operator with index k. We define
A = x˜ ·Dx(I − (2pi)−2∆)−1 + (I − (2pi)−2∆)−1Dx · x˜
on C∞c (R
d), where x˜ = (x1, ..., xk,−xk+1, ...,−xd). Then, it follows that P and A
are essentially self-adjoint on C∞c (R
d) and we also denote the unique self-adjoint
extensions by P and A respectively. In fact, for the essential self-adjointness of P it
is enough to prove the essential self-adjointness of the multiplication operator p(ξ)
on L2(Rd) by the Fourier transform. However, this is shown since (p(ξ) ± i)u = 0
and u ∈ L2(Rd) imply u = 0. For the essential self-adjointness of A, we employ
Nelson’s commutator theorem (see [17, Theorem X.36]) with a conjugate operator
−∆+ |x|2 + 1.
By a simple calculation, we have
[P, iA] = −pi−2∆(I − (2pi)−2∆)−1 = F−1
(
4|ξ|2
1 + |ξ|2F
)
.
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In the following, we see that [P, iA] satisfy the Mourre estimate except at 0. Note
that EI(P ) = F−1χI◦pF , where EI(P ) is the spectral projection of P to I and χI is
the characteristic function of I ⊂ R. Fix I ⋐ R\{0} and set a = inf{|λ| |λ ∈ I} > 0.
Then for ξ ∈ supp (χI(p(·))), we learn
|ξ|2 =
k∑
j=1
|ξj |2 +
d∑
j=k+1
|ξj |2 ≥ a.
Thus we have
χI(p(ξ))
4|ξ|2
1 + |ξ|2χI(p(ξ)) ≥
4a
1 + a
χI(p(ξ))
and hence
EI(P )[P, iA]EI(P ) ≥ 4a
1 + a
EI(P ).
Moreover since [P, iA] and [[P, iA], iA] are bounded operators, it follows that P ∈
C2(A). Thus by the standard Mourre theory ([16]), we have the following proposi-
tion.
Proposition 2.1. Let I ⋐ R \ {0} be a bounded interval and s > 1/2. Then
sup
z∈I±
‖〈A〉−s(P − z)−1〈A〉−s‖B(L2(Rd)) <∞,(4)
where I± = {z ∈ C |Re z ∈ I, ±Im z > 0}. Moreover, the limits
〈A〉−s(P − λ± i0)−1〈A〉−s = lim
ε→+0
〈A〉−s(P − λ± iε)−1〈A〉−s(5)
exist uniformly in λ ∈ I.
Remark 2.2. Since 〈A〉s(P −i)−1〈x〉−s is a bounded operator, we can replace 〈A〉−s
in (4) and (5) by 〈x〉−s.
Remark 2.3. The Proposition 2.1 is possibly well-known. However, we cannot find
a suitable reference and we give a self-contained proof.
Remark 2.4. By using a scaling argument and Proposition 2.1, we have a uniform
estimate of the high energy limit
sup
|z|≥1
|z|1−s‖〈x〉−s(P − z)−1〈x〉−s‖B(L2(Rd)) <∞
for s > 12 .
2.2. Uniform resolvent estimates for ultrahyperbolic operators. In this
subsection, we assume d ≥ 3.
Proposition 2.5. Let P be an ultrahyperbolic operator. For α, β > 12 +
1
2(d−1) with
α+ β ≥ 2,
sup
z∈C\R
‖〈x〉−α(P − z)−1〈x〉−β‖B(L2(Rd)) <∞.
Proof. This follows from Lp-Lq resolvent estimates (see [10, Theorem 1.1]) and a
real interpolation argument:
sup
z∈C\R
‖(P − z)−1‖B(Lp,r(Rn),Lq,r(Rn)) <∞
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for
1
p
− 1
q
=
2
d
,
2d(d− 1)
d2 + 2d− 4 < p <
2(d− 1)
d
, 1 ≤ r ≤ ∞.
By using Ho¨lder’s inequality, we can obtain the following: For w1 ∈ L ds ,∞(Rd) and
w2 ∈ L d2−s ,∞(Rd) with 12 + 12(d−1) < s < 3d−42(d−1) ,
sup
z∈C\R
‖w1(P − z)−1w2‖B(L2(Rd)) ≤ C‖w1‖L ds ,∞(Rd)‖w2‖L d2−s ,∞(Rd).(6)
In particular, for α, β > d2(d−1) with α+ β ≥ 2,
sup
z∈C\R
‖〈x〉−α(P − z)−1〈x〉−β‖B(L2(Rd)) ≤ Cαβ <∞.(7)

Remark 2.6. In Appendix A, we give a self-contained proof of Proposition 2.5 with
α = β = 1.
Remark 2.7. Note that if P is elliptic (that is k = 0 or k = d), (6) holds for
1
2 < s <
3
2 and (7) holds for α, β >
1
2 with α+ β ≥ 2 (see [15, Corollary 2.3]).
Proposition 2.8. For ε > 0, 〈x〉−1−ε(P−z)−1〈x〉−1−ε is locally Ho¨lder continuous
on B(L2(Rd)) in C∓. In particular, 〈x〉−1−ε(P − λ ± i0)−1〈x〉−1−ε exist in the
operator norm topology of B(L2(Rd)) for λ ∈ R.
Proof. The proof is based on the argument in [18, Lemma 4.7]. Set L2k(R
d) =
〈x〉−kL2(Rd) for k ∈ R. Note that there are two continuous embeddings L 2dd−2+δ(Rd) ⊂
L2−1−ε(R
d) and L21+ε(R
d) ⊂ L 2dd+2−δ(Rd) for small δ > 0. By using (12) in Appendix
A, there exists αδ > 0 such that
‖(P − z)−1 − (P − z′)−1‖L21+ε(Rd)→L2−1−ε(Rd)
≤ C‖(P − z)−1 − (P − z′)−1‖
B(L
2d
d+2
−δ
(Rd),L
2d
d−2
+δ
(Rd))
= C
∥∥∥∥∫ ∞
0
(eitz − eitz′)e−itP dt
∥∥∥∥
B(L
2d
d+2
−δ
(Rd),L
2d
d−2
+δ
(Rd))
≤ C
∫ ∞
0
min (2, |z − z′|t) 1
t1+αδ
dt
= C
∫ |z−z′|−1
0
|z − z′|
t1+αδ
dt+ C
∫ ∞
|z−z′|−1
1
t1+αδ
dt
≤ C|z − z′|αδ .
The existence of the boundary values 〈x〉−1−ε(P −λ± i0)−1〈x〉−1−ε directly follows
from the Ho¨lder continuity. 
Next, we state the optimality of the estimate. For a preparation, we need the
following lemma.
Lemma 2.9. Let d ≥ 3, r > 0 and ϕ(x) = χ(x)|x|− d−22 , where χ ∈ C∞c (Rd) with
χ = 1 on |x| ≤ r. Then, ϕ ∈ Hs(Rd) for 0 ≤ s < 1 and ϕ /∈ H1(Rd).
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Proof. Note that ϕ ∈ L2(Rd). We learn
∂xjϕ(x) = (∂xjχ(x))|x|−
d−2
2 − d− 2
2
xj |x|−
d+2
2 ,
and hence
|∇ϕ(x)| ≥ C|x|− d2
near x = 0. Thus, |∇ϕ| /∈ L2(Rd) and hence ϕ /∈ H1(Rd).
Next, we show that ϕ ∈ Hs(Rd) for 0 ≤ s < 1. It suffices to prove that 〈ξ〉sϕˆ(ξ) ∈
L2(Rd) where ϕˆ(ξ) = Fϕ(ξ). Note that ϕ ∈ C∞(Rd \ {0}) and ̂|x|− d−22 (ξ) =
cd|ξ|− d2−1, where cd is a constant depending only on d. We learn
ϕˆ(ξ) = cd
∫
Rd
χˆ(η)|ξ − η|− d2−1dη.
Since ∣∣∣∣∣
∫
|ξ−η|≤ 12 |ξ|
χˆ(η)|ξ − η|− d2−1dη
∣∣∣∣∣ ≤
∣∣∣∣∣
∫
1
2 |ξ|≤|η|≤
3
2 |ξ|
χˆ(η)|ξ − η|− d2−1dη
∣∣∣∣∣
≤C〈ξ〉−N
∫
1
2 |ξ|≤|η|≤
3
2 |ξ|
|ξ − η|− d2−1dη
≤C〈ξ〉−N−1+ d2 ,
and ∣∣∣∣∣
∫
|ξ−η|> 12 |ξ|
χˆ(η)|ξ − η|− d2−1dη
∣∣∣∣∣ ≤C|ξ|− d2−1
∫
|ξ−η|> 12 |ξ|
χˆ(η)dη
≤C|ξ|− d2−1
for any |ξ| ≥ 1 and any N > 0, we have 〈ξ〉sϕˆ ∈ L2({|ξ| ≥ 1}). This and ϕ ∈ L2(Rd)
imply 〈ξ〉sϕˆ ∈ L2(Rd). 
Using the above lemma, we obtain:
Proposition 2.10. For 0 ≤ s < 1, we have
sup
z∈C\σ(P )
‖〈x〉−s(P − z)−1〈x〉−s‖B(L2(Rd)) =∞.
Proof. For simplicity, we deal with k = 1 only. We may assume s > 1/2. Note that
by Proposition 2.1 and Remark 2.2, 〈x〉−s(P + ε ± i0)−1〈x〉−s exist in B(L2(Rd))
for ε 6= 0. Moreover, it follows that
〈x〉−s(P + ε− i0)−1〈x〉−s − 〈x〉−s(P + ε+ i0)−1〈x〉−s
= 〈x〉−sδ(P + ε)〈x〉−s
due to Stone’s theorem. Thus it suffices to prove that
sup
ε>0
‖〈x〉−sδ(P + ε)〈x〉−s‖B(L2(Rd)) =∞.
By using the Fourier transform, it is sufficient to find ϕ ∈ Hs(Rd) such that
sup
ε>0
∣∣(ϕ, δ(p+ ε)ϕ)L2(Rd)∣∣ =∞.
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Note that
(ϕ, δ(p(ξ) + ε)ϕ) =
∫
p(ξ)=−ε
|ϕ(ξ)|2 dσ(ξ)|∇ξp| =
∫
p(ξ)=−ε
|ϕ(ξ)|2 dσ(ξ)
2|ξ| ,
and
p(ξ) = −ε⇔ ξ21 =
d∑
j=2
ξ2j + ε.
Using the formula (3), we learn
(ϕ, δ(p(ξ) + ε)ϕ) =
∑
±
∫
Rd−1
|ϕ(ξ)|2
√√√√1 + ∣∣∣∣∣ ξ′√|ξ′|2 + ε
∣∣∣∣∣
2
dξ′
2|ξ|
=
∑
±
∫
Rd−1
|ϕ(ξ)|2 dξ
′
2
√
|ξ′|2 + ε ,
where ξ′ = (ξ2, ..., ξd) and ξ = (±
√
|ξ′|2 + ε, ξ′) for ξ ∈ {p(ξ) = ε}. Thus we now
take ϕ(ξ) = 1
|ξ|(d−2)/2
χ(ξ), where χ ∈ C∞c (Rd) such that χ = 1 on |ξ| ≤ 1. Note
that ϕ ∈ Hs(Rn) due to Lemma 2.9. Since∫
ξ′∈Rd−1,|ξ′|≤1
1
|ξ′|d−1 dξ
′ =∞,
ϕ has the desired property. 
Remark 2.11. This proposition also follows from a scaling argument. In fact, for
α, β > 12 we have
‖(1 + |x|)−α(P − z)−1(1 + |x|)−β‖B(L2(Rd))
=ε2−(α+β)‖(ε−1 + |x|)−α(P − ε2z)−1(ε−1 + |x|)−β‖B(L2(Rd))
≤ε2−(α+β)‖(1 + |x|)−α(P − ε2z)−1(1 + |x|)−β‖B(L2(Rd)).
for 0 < ε < 1. If we take supremum of z ∈ C \R and take ε→ 0, then we obtain a
contradiction unless α+β ≥ 2. For the Laplace operators, see [3]. However we give
a more direct proof for a special case since the above argument can be applicable
to the discrete Schro¨dinger operators near the hyperbolic thresholds. See Remark
4.4.
3. Proofs of positive results
In this section, we prove Theorems 1.1, 1.8 and Corollary 1.9.
3.1. Proof of Theorem 1.1 (i). It is known that there is a deep connection be-
tween the time decay of the Schro¨dinger propagator eitP and the threshold property
of the resolvent of P . We refer [17, §XIII-A]. Here we employ a bit technical, but
very strong tool due to Duyckaerts. His method allows us to deduce Lp-Lq uniform
resolvent estimates from Strichartz estimates.
First, we state the dispersive estimates and the Strichartz estimates for the
discrete Schro¨dinger operators.
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Proposition 3.1 ([20]). Let d ≥ 1. Then, there exists C > 0 such that for any
t ∈ R
‖e−itH0‖l1(Zd)→l∞(Zd) ≤ C〈t〉−
d
3 .
Corollary 3.2. Let d ≥ 4. Set 3∗ = 2dd−3 and 3∗ = 2dd+3 . Then, we have the follow-
ing Strichartz estimates: Suppose that u ∈ C(R, l2(Zd)) and F ∈ L2(R, l3∗,2(Zd))
satisfy
i∂tu(t)−H0u(t) = F, u|t=0 = f ∈ l2(Zd).(8)
Then there exists C > 0 such that for 0 < T ≤ ∞ we have
‖u‖L2(−T,T )l3∗,2(Zd) ≤ C‖f‖l2(Zd) + C‖F‖L2(−T,T )l3∗,2(Zd).
Proof. We apply Theorem 10.1 in [12] with H = B0 = l2(Zd), B1 = l1(Zd), σ = d3
and q = 2. 
The next argument is due to T. Duyckaerts (see [2, Proposition 5.1]).
Proposition 3.3. Let d ≥ 4. Then, there exists C > 0 such that for z ∈ C \σ(H0)
‖(H0 − z)−1u‖l3∗,2(Zd) ≤ C‖u‖l3∗,2(Zd), u ∈ l2(Zd) ∩ l3∗,2(Zd).
Moreover, for w ∈ l 2d3 ,∞(Rd),
sup
z∈C\R
‖w(H0 − z)−1w‖B(H) ≤ C‖w‖2
l
2d
3
,∞(Zd)
.
In particular, if V ∈ l d3 ,∞(Zd), (1) holds.
Proof. Suppose that f is a finitely supported function on Zd. Let z ∈ C \ σ(H0).
We substitute u(t) = eitzf into (8) and then we have
γ(z, T )‖f‖l3∗,2(Zd) ≤ C‖f‖l2(Zd) + Cγ(z, T )‖(H0 − z)f‖l3∗,2(Zd),
where γ(z, T ) = ‖eizt‖L2(−T,T ). Since γ(z, T ) ≥
√
T , by letting T →∞,
‖f‖l3∗,2(Zd) ≤ C‖(H0 − z)f‖l3∗,2(Zd).
It remains to justify a density argument. 
3.2. Proof of Theorem 1.1 (ii). In this subsection, we assume d ≥ 3.
Proposition 3.4. For α, β > 12 +
1
2(d−1) with α + β ≥ 2, there exists C > 0 such
that
sup
z∈C\R
‖〈x〉−α(H0 − z)−1〈x〉−β‖B(H) ≤ C.
Proof. By using a partition of unity, it suffices to prove for each χ ∈ C∞(Td) with
a small support, f ∈ Hα(Td) and g ∈ Hβ(Td)
|(f, χ2(h0 − z)−1g)L2(Td)| ≤ C‖f‖Hα(Td)‖g‖Hβ(Td),(9)
where C > 0 is independent of f , g and z. We may suppose χ has one of the
following properties: ∇h0 6= 0 on supp χ or supp χ contains just one element of Γ.
Since (9) follows from Proposition B.5 in the former case, we may only deal with
the latter case. We take a unique element ξ0 ∈ Γ ∩ supp χ. Then there exists a
diffeomorphism κ from a neighborhood of supp χ onto its image such that
h0(κ
−1(η)) =h0(ξ0) + η
2
1 + ...+ ηk − η2k+1 − ...− η2d, η ∈ κ(supp χ) ⊂ Rd
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for some 0 ≤ k ≤ d. Set J(η) = | det dκ−1(η)| and fκ(η) = f(κ−1(η)). By using
the change of variables and Proposition 2.5, we have
|(f, χ2(h0 − z)−1g)L2(Td)| =
∣∣∣∣∫
Td
χ(ξ)2f¯(ξ)g(ξ)
h0(ξ)− z dξ
∣∣∣∣
=
∣∣∣∣∫
Rd
χκ(η)
2f¯κ(η)gκ(η)
pk(η) + h0(ξ0)− z J(η)dη
∣∣∣∣
≤C‖χκfκ‖Hα(Rd)‖χκgκ‖Hβ(Rd)
≤C‖f‖Hα(Td)‖g‖Hβ(Td),
where we used Lemma B.3 in the last inequality. Thus we obtain (9).

3.3. Proof of Theorem 1.8. Let s > 1 and αδ > 0 as in the proof of Proposition
2.8. Similarly to Subsection 3.2, it is enough to prove that
|(f, χ2((h0 − z)−1 − (h0 − z′)−1)g)| ≤ C|z − z′|αδ‖f‖Hs(Td)‖g‖Hs(Td)
for χ ∈ C∞(Td) which is as in subsection 3.2. However, it is proved by changing
variables, Proposition 2.8, Lemma B.2 and Proposition B.5.
3.4. Proof of Corollary 1.9. Corollary 1.9 follows from Lemma 3.5. The argu-
ment in the proof is due to [7, Lemma 2.1].
Lemma 3.5. Let H be a bounded self-adjoint operator on a Hilbert space H which
has no eigenvalues and W be a finite rank self-adjoint operator on H. Then:
(i) For any µ ∈ R, dimKer (H +W − µ) ≤ dimRanW .
(ii) Suppose that σ(H) = [a, b], −∞ < a < b <∞ and W =W+ −W−, where
W± are positive operators.Then
dim(Ran EppH+W ((−∞, a])) ≤ dimRanW−,
dim(Ran EppH+W ([b,∞))) ≤ dimRanW+.
Proof. (i) Suppose that the inequality fails. Let P be the projection onto RanW =
(KerW )⊥. Then P |Ker (H+W−µ): Ker (H +W − µ) → RanW has a non-trivial
kernel, i.e. we can choose u ∈ Ker (H +W − µ) such that Wu = 0 and ‖u‖H = 1.
Therefore
0 = (H +W − µ)u = (H − µ)u,
which contradicts the assumption that H has no eigenvalues.
(ii) Suppose that the first inequality fails. Then the same argument as in (i)
implies that there exists u ∈ Ran EppH+W ((−∞, a]) such that W−u = 0 and ‖u‖H =
1. Therefore we have
a ≥ (u, (H +W )u)H = (u, (H +W+)u)H ≥ (u,Hu)H,
where the last inequality follows from the positivity ofW+. On the other hand, the
assumption on H implies (u,Hu)H ∈ (a, b), which is a contradiction. The other
inequality is similarly proved. 
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4. Proofs of negative results
4.1. Proof of Theorem 1.11 (i). The following argument is similar to [17, Theo-
rem XIII.11]. Note that h0(ξ) ∼ 4pi2|ξ|2 near ξ = 0 and the operator H0 is positive.
Set Kµ = |V |1/2(H0+µ2)−1|V |1/2 for µ ∈ R. First, we note that H0+λV has a
negative eigenvalue if and only if there exists µ > 0 such that 1/λ is an eigenvalue
of Kµ. In fact, a direct calculus implies
H0u+ λV u = −µ2u⇔λ(H0 + µ2)−1V u = −u
⇒λKµψ = ψ,
where ψ = |V | 12 u. Conversely, if there exists ψ ∈ H such that λKµψ = ψ, then
λ|V |u = |V |1/2ψ = (H0 + µ2)u,
where u = (H0 + µ
2)−1|V |1/2ψ.
Since V vanishes at infinity, Kµ is a positive compact operator. Then it suffices
to prove that
lim
µ2→0
‖Kµ‖B(H) =∞.
In fact, the spectral radius of Kµ is equal to ‖Kµ‖B(H), σ(Kµ) = σpp(Kµ) and
σ(Kµ) has no accumulation point except at 0. Thus we need only find η ∈ H such
that
lim
µ2→0
(
|V |1/2η, (H0 + µ2)−1|V |1/2η
)
H
=∞.
We choose a non negative finitely supported function η ∈ H which satisfies η(x) > 0
for some x ∈ supp V and set ϕ = |V |1/2η. Then ϕˆ(0) =∑x∈Zd |V (x)|1/2η(x) > 0.
Since ϕ is finitely supported, then ϕˆ ∈ L2(Td) ∩ C(Td). Thus, ϕˆ 6= 0 near zero.
Note that h0(ξ) ∼ 4pi2|ξ|2 near ξ = 0. Consequently,
(
|V |1/2η, (H0 + µ2)−1|V |1/2η
)
H
=
∫
Td
|ϕˆ(ξ)|2
h0(ξ) + µ2
dξ
diverges as µ2 → 0 if d = 1 or 2.
4.2. Proof of Theorem 1.11 (ii). We consider near ξ1 = ξ2 =
1
4 only, the other
cases being similar.
Lemma 4.1. In a neighborhood of (14 ,
1
4 ) ∈ T2, h0(ξ) = 4 is equivalent to ξ1+ ξ2 =
1
2 .
Proof. Note that h0(ξ) = 4 sin
2 piξ1+4 sin
2 piξ2 = 4− 2 cos 2piξ1− 2 cos 2piξ2. Thus,
h0(ξ) = 4 is equivalent to
cos 2piξ1 + cos 2piξ2 = cos(pi(ξ1 + ξ2)) cos(pi(ξ1 − ξ2)) = 0.
Near ξ1 = ξ2 =
1
4 , this is equivalent to ξ1 + ξ2 =
1
2 . 
Proposition 4.2. Let χ ∈ C∞(T2) be a non-negative function which is equal to 1
near ξ1 = ξ2 = 1/4 and is supported near ξ1 = ξ2 = 1/4. If q 6=∞,
(H0 − 4± i0)−1F−1d (χ) /∈ lq(Z2).
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Proof. Let us denote Hs = 〈x〉−sH. If we take the support of χ small near
ξ1 = ξ2 =
1
4 , then χ(D)(H0 − 4 ± i0)−1 exists in B(Hs,H−s) for s > 12 since
∇h0(ξ) 6= 0 on supp χ. Here we used Lemma B.5. Then, it suffices to prove that(
(H0 − 4− i0)−1 − (H0 − 4 + i0)−1
)F−1d χ /∈ lq(Z2) for q 6= ∞. Stone’s theorem
implies
1
2pii
((H0 − 4− i0)−1 − (H0 − 4 + i0)−1)F−1d χ
= δ(H0 − 4)F−1d χ
=
∫
h0(ξ)=4
e2piix1ξ1+2piix2ξ2χ(ξ)
dσ(ξ)
|∇h0(ξ)| .
By using Lemma 4.1 and the formula (3),
I(x1, x2) :=
∫
h0(ξ)=4
e2piix1ξ1+2piix2ξ2χ(ξ)
dσ(ξ)
|∇h0(ξ)|
=
∫
R
e2piix1ξ1+2piix2(
1
2−ξ1)χ(ξ1,
1
2
− ξ1) dξ1
4pi sin(2piξ1)
is rapidly decreasing with respect to |x1 − x2| since χ(1/4, 1/4) = 1. However, we
cannot obtain any decay with respect to |x1 + x2|. We write
I(x1, x2) = e
piix2J(x1 − x2), J(t) =
∫
R
e2piitξ1χ(ξ1,
1
2
− ξ1) dξ1
4pi sin(2piξ1)
.
We employ the change of variables: s = x1 + x2 and t = x1 − x2 and write
I1(s, t) = I(x1, x2). Since |I1(s, t)| = |J(t)| is independent of s, |I1(s, t)| 9 0 as
|s| → ∞ unless t ∈ {J(t) = 0}. By the assumption of χ, we have |I1(s, 0)| =
|J(0)| 6= 0. Thus |I| does not decay with respect to s = x1+x2. As a consequence,
((H0−4−i0)−1−(H0−4+i0)−1)F−1d (χ) does not belong to lq(Z2) unless q =∞. 
The above proposition shows that if d = 2, χ(D)(H0−z)−1 is not bounded from
lp(Z2) to lq(Z2) unless q =∞. Thus, the proof of the second part of Theorem 1.11
(ii) is completed.
In the rest of the subsection, we prove the first part of Theorem 1.11 (ii). Let
w(x1, x2) = 〈x1 + x2〉−1/2〈x1 − x2〉−1 ∈ l2,∞(Z2) and ψ be a non zero finitely
supported function such that ψ ≥ 0. Let u(x) = e−piix1+x22 (w−1ψ)(x). Note that
F−1d (wu)(1/4, 1/4) =
∑
x∈Z2
e2pii×
x1+x2
4 e−pii
x1+x2
2 ψ(x) =
∑
x∈Z2
ψ(x) > 0.
Thus |w(x)χ(D)δ(H0 − 4)wu(x)| ∼ C(1+ |x1+ x2|)−1/2(1 + |x1 − x2|)−∞ as in the
proof of Proposition 4.2 and the right hand side does not belong to H.
4.3. Proof of Theorem 1.11 (iii). In Proposition 3.3 and Theorem 3.4, we have
seen uniform bounds of Birman-Schwinger operator for V ∈ ld/3,∞(Zd) or V (x) =
〈x〉−2. Since 〈x〉−2 ∈ ld/2,∞(Zd), it is natural to ask whether it is true for general
potentials V ∈ ld/2,∞(Zd). However, the next proposition says that it is false at
least if d ≥ 5.
Proposition 4.3. Let d ≥ 3 and
w(x) = wp(x) = 〈xd〉−1/p
d−1∏
j=1
〈xj − xd〉−1/p ∈ lp,∞(Zd), p > 0.
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Suppose that
sup
λ∈R\σ(H0)
‖wp(H0 − λ)−1wp‖B(H) <∞.(10)
Then, p ≤ 2(d+ 2)/3 holds. In particular, if d ≥ 5 then wd does not satisfy (10).
Proof. We construct a variant of the Knapp counter example near the energy surface
h0(ξ) = 2d. We denote the d-dimensional Fourier expansion Fd of u by uˆ and
the one dimensional Fourier transform by F1. We take a real valued function
χ ∈ C∞c
(
(− 14 , 14 )
)
such that χ = 1 near 0. We can regard χ as a function on S1.
Let
ϕε(x) =e
2pii(dxd/4+
∑d−1
j=1 xj/4)aεd+2w−1p (x)((F1)−1χ)(aε3xd)
×
d−1∏
j=1
((F1)−1χ)(ε(xj − xd))
for 0 < ε ≤ 1, a > 0 and x ∈ Zd. Then,
ŵϕε(ξ) = χ
 d∑
j=1
ξj − 1/4
aε3
 d−1∏
j=1
χ
(
ξj − 1/4
ε
)
∈ C∞(Td),
where ξ ∈ [0, 1)d and we regard the function ŵϕε on [0, 1)d as a function on Td by
virtue of the support property of χ. Note that wϕε is rapidly decreasing and ŵϕε
has a small support near {ξj = 1/4, j = 1, ..., d} which does not contain critical
points of h0(ξ) = 4
∑d
j=1 sin
2(piξj). Thus (ϕε, wδ(H0 − 2d)wϕε)H→H exists by
Proposition B.5. We observe that if ξ′ = (ξ1, ..., ξd−1) ∈ supp
(∏d−1
j=1 χ(
ξj−1/4
ε )
)
and ξ ∈ h−10 ({2d}), then
d∑
j=1
(ξj − 1/4) = O(ε3).(11)
In fact, by using the Taylor expansion near {ξj = 1/4, j = 1, ..., d}, we have
0 = h0(ξ)− 2d =4
d∑
j=1
(ξj − 1/4) +O
 d∑
j=1
(ξj − 1/4)3

=4
d∑
j=1
(ξj − 1/4) +O(ε3) +O((ξd − 1/4)3).
This implies (11). Therefore, if we take a > 0 large enough (which remains to be
independent of ε), it follows that
supp
d−1∏
j=1
χ
(
ξj − 1/4
ε
) ∩ h−10 ({2d}) ⊂ supp χ
 d∑
j=1
ξj − 1/4
aε3
 .
By using this, we obtain
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(ϕε, wδ(H0 − 2d)wϕε)H =(ŵϕε, δ(h0 − 2d)ŵϕε)L2(Td)
=
∫
h0({2d})∩(−
1−ε
4 ,
1+ε
4 )
d
|ŵϕε(ξ)|2 dσ(ξ)|∇h0(ξ)|
≥Cεd−1
for some C > 0 which is independent of ε.
On the other hand, we observe that for s > 2∑
xj∈Z
〈xj − xd〉2/p|((F1d )−1χ)(ε(xj − xd))|2
≤C
∑
xj∈Z
〈xj − xd〉2/p〈ε(xj − xd)〉−2s
=C
 ∑
|xj|<1/ε
+
∑
|xj|≥1/ε
 〈xj〉2/p〈εxj〉−2s ≤ Cε−1−2/p.
Then, we obtain
‖ϕε‖2H ≤ Cε2(d+2) · ε(d+2)(−1−2/p) = Cε(d+2)(1−2/p).
By using (10), we have εd−1 ≤ Cε(d+2)(1−2/p). Since this holds for small ε > 0, we
conclude p ≤ 2(d+ 2)/3.

4.4. Proof of Theorem 1.11 (iv). For 0 ≤ s < 1, we prove
sup
z∈C\σ(H0)
‖〈x〉−s(H0 − z)−1〈x〉−s‖B(H) =∞.
It suffices to prove that there exists ϕ ∈ Hs(Td) such that
lim
ε→0,ε>0
|(ϕ, (h0(ξ) + ε)−1ϕ)L2(Td)| =∞.
Fix ξ0 ∈ h−10 ({0}). Then there exists a diffeomorphism f from a small neighborhood
of ξ0 to a small open ball in R
d such that h0(f
−1(η)) = |η|2. We take
ϕ(ξ) = χ(ξ)f∗
(
1
|η| d−22
)
(ξ),
where χ ∈ C∞(Td) has a small support near ξ0. Note that ϕ ∈ Hs(Td) for 0 ≤ s < 1
due to Lemma 2.9. Thus, we obtain
|(ϕ, (h0(ξ) + ε)−1ϕ)l2 | ≥ C
∫
η∈Rd,|η|:near 0
1
|η|d−2(|η|2 + ε)dη →∞
as ε→ 0.
Remark 4.4. In the above proof, we have constructed a function supported near
an elliptic threshold. However, this argument is applicable to near a hyperbolic
threshold. See the proof of Proposition 2.10.
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Appendix A. Self-contained proof of Proposition 2.5 in a particular
case
We can apply the argument in Subsection 3.1 to the ultrahyperbolic operators
P : Note that
e4pi
2itPu(x, y) =e−it∆xeit∆yu(x, y)
=
1
(−4piit) k2
1
(4piit)
d−k
2
∫
Rk
x′
∫
R
d−k
y′
e
|x−x′|2
4it e−
|y−y′ |2
4it u(x′, y′)dy′dy′,
where x ∈ Rk and y ∈ Rd−k. Thus, we obtain the following dispersive estimates:
‖e4pi2itP ‖L1(Rd)→L∞(Rd) ≤
1
(4pi|t|) d2
, t ∈ R \ {0}.
Using a complex interpolation, we have
‖e4pi2itP ‖Lp(Rd)→Lp′(Rd) ≤
1
(4pi|t|) d2 ( 1p− 1p′ )
(12)
for 1 ≤ p ≤ 2 and p′ = (p−1)/p. By using the unitarity of e4pi2itP and [12, Theorem
10.1], we have the following:
Let d ≥ 3 and P be an ultrahyperbolic operator. Let 2∗ = 2dd−2 and 2∗ = 2dd+2 .
Suppose that u ∈ C(R, L2(Rd)) and F ∈ L2L2∗,2 satisfy
i∂tu(t)− Pu(t) = F, u|t=0 = f ∈ L2(Rd).(13)
Then there exists C > 0 such that for 0 < T ≤ ∞ we have
‖u‖L2(−T,T )L2∗,2(Rd) ≤ C‖f‖L2(Rd) + C‖F‖L2(−T,T )L2∗,2(Rd).
Replacing 3∗, 3
∗ in the arguments in Subsection 3.1 by 2∗, 2
∗ respectively, we
have the following statements: Let R0(z) = (P − z)−1 for z ∈ C\σ(P ). Then there
exists C > 0 such that for z ∈ C \ σ(P ) and f ∈ L2(Rd) ∩ L2∗,2(Rd)
‖R0(z)f‖L2∗,2(Rd) ≤ C‖f‖L2∗,2(Rd).(14)
Moreover, for w ∈ Ld,∞(Rd) we have
sup
z∈C\R
‖wR0(z)w‖B(L2(Rd)) ≤ C‖w‖2Ld,∞(Rd).
In particular, ‖〈x〉−1R0(z)〈x〉−1‖B(L2(Rd)) is bounded in z ∈ C \ R.
Appendix B. Resolvent near regular points
In this section, we study properties of the cut-off resolvent of H0 near regular
points of h0.
Lemma B.1. Let d ≥ 1 and ε > 0. Then,
sup
z∈C\R
‖〈η1〉− 12−ε(Dη1 − z)−1〈η1〉−
1
2−ε‖B(L2(Rd)) <∞.(15)
If 0 < ε ≤ 1, there exists 0 < αε ≤ 1 such that 〈η1〉− 12−ε(Dη1 − z)−1〈η1〉−
1
2−ε is
αε-Ho¨lder continuous in the operator norm topology of B(L
2(Rd)).
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Proof. Suppose Im z > 0. We denote η = (η1, η
′) for η ∈ Rd, η1 ∈ R and η′ ∈ Rd−1.
Using the Cauchy-Schwarz inequality, we have
|(Dη1 − z)−1(〈η〉−
1
2−εu(η))| =
∣∣∣∣2pii ∫ η1
−∞
e2piiz(η1−s)〈s〉− 12−εu(s, η′)ds
∣∣∣∣
≤C‖u(·, η′)‖L2(R)
for u ∈ L2(Rd), where C > 0 is independent of z, η and u. Thus, we have∫
R
|〈η1〉− 12−ε(Dη1 − z)−1(〈η1〉−
1
2−εu(η))|2dη1 ≤ C‖u(·, η′)‖2L2(R)
with some C > 0 which is independent of z and u. Integrating the above inequality
with respect to η′ ∈ Rd−1, we obtain (15).
Suppose Im z, Im z′ > 0. Set w(η) = 〈η1〉− 32−εu(η) for ε > 0. Using the Taylor
theorem and the Cauchy-Schwarz inequality, we have
|〈η1〉− 32−ε((Dη1 − z)−1 − (Dη1 − z′)−1)w(η)|
=
∣∣∣∣2pii〈η1〉− 32−ε ∫ η1
−∞
(e2piiz(η1−s) − e2piiz′(η1−s))w(s, η′)ds
∣∣∣∣
≤ 2pi|z − z′|〈η1〉− 32−ε
∫ η1
−∞
|(η1 − s)w(s, η′)|ds
≤ C|z − z′|〈η1〉− 12−ε‖u(·, η′)‖L2(R).
Integrating the square of the above inequality, we obtain
‖〈η1〉− 32−ε((Dη1 − z)−1 − (Dη1 − z′)−1)〈η1〉−
3
2−ε‖B(L2(Rd)) ≤ C|z − z′|.(16)
Moreover, by (15), we have
‖〈η1〉− 12−ε((Dη1 − z)−1 − (Dη1 − z′)−1)〈η1〉−
1
2−ε‖B(L2(Rn)) ≤ C.(17)
By using a complex interpolation between (16) and (17), we obtain the Ho¨lder
continuity of 〈η1〉− 12−ε(Dη1 − z)−1〈η1〉−
1
2−ε in B(L2(Rd)) for ε > 0. The case
Im z < 0 is similarly proved.

For a proof of our main result in this section, we need the following two lemmas.
Lemma B.2. Let χ, ψ ∈ C∞c (Rd) satisfy supp χ ⊂ {ψ = 1}. Then, for α ∈ R
there exits C > 0 such that
‖(1− ψ)〈D〉αχu‖L2(Rd) ≤ C‖u‖L2(Rd), u ∈ L2(Rd).
Proof. This lemma follows from the disjoint support property of pseudodifferential
operators. For the sake of the completeness of this paper, we give a self-contained
proof. Considering the support property of χ and ψ, we observe that c|x| ≤ |x−y| ≤
C|x| on supp (1− ψ(x))χ(y). Set L = (1 + |x− y|2)−1(1− (x− y) ·Dξ), then note
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that Le2pii(x−y)·ξ = e2pii(x−y)·ξ. Integrating by parts, we have
|(1 − ψ(x))〈D〉αχu(x)|
=
∣∣∣∣(1− ψ(x))∫
R2d
(L∗)N (〈ξ〉α)e2pii(x−y)·ξ(χu)(y)dydξ
∣∣∣∣
≤|1− ψ(x)|
∫
Rd
1
|x− y|d+1 |χ(y)u(y)|dy
≤〈x〉−2−2d‖u‖L2(Rd)
for any integer N > α+ d+ 1. Integrating the square of the above inequality with
respect to x ∈ Rd, we obtain the desired result. 
Lemma B.3. Let U ⊂ Td be an open set and κ be a diffeomorphism from U onto
an open set in Rd. Set uκ(η) = u(κ
−1(η)). Then, for χ ∈ C∞c (U) and α ≥ 0, we
have
‖χκuκ‖Hα(Rd) ≤ C‖u‖Hα(Td), u ∈ Hα(Td)
for some C > 0.
Proof. We take ϕ, ψ ∈ C∞c (U) satisfying supp χ ⊂ {ϕ = 1} and supp ϕ ⊂ {ψ = 1}.
Then we have
‖χκuκ‖Hα(Rd) ≤ ‖ψκ〈D〉αχκuκ‖L2(Rd) + ‖(1− ψκ)〈D〉αϕκχκuκ‖L2(Rd).
Using Lemma B.2, we learn
‖(1− ψκ)〈D〉αϕκχκuκ‖L2(Rd) ≤ C‖χκuκ‖L2(Rd) ≤ C‖u‖L2(Td).
Due to the coordinate invariance of the Sobolev spaces and the support property
of ψκ, we obtain
‖ψκ〈D〉αχκuκ‖L2(Rd) ≤ C‖u‖Hα(Td).
This completes the proof. 
Remark B.4. The above lemma is trivial if 2α is an integer. The difficulty is due to
the lack of the local property of the pseudodifferental operator 〈D〉2α if 2α is not
an integer.
We now state the main result of this section.
Proposition B.5. Suppose d ≥ 1. Let χ ∈ C∞(Td) be a real-valued function
satisfying supp χ ⊂ {∇h0 6= 0}. Then,
sup
z∈C\R
‖〈x〉− 12−εχ(D)(H0 − z)−1χ(D)〈x〉− 12−ε‖B(H) <∞.
Moreover, 〈x〉− 12−εχ(D)(H0 − z)−1χ(D)〈x〉− 12−ε is αε-Ho¨lder continuous in the
operator norm topology of B(H), where αε is the constant in Lemma B.1.
Proof. By using a partition of unity, we may suppose that supp χ is small enough.
Thus, we may suppose ∂ξ1h0(ξ) 6= 0 on supp χ without loss of generality. Set
η = κ(ξ) = (h0(ξ), ξ
′). Then the inverse function theorem implies that κ is a
diffeomorphism from a neighborhood of supp χ onto its image. We denote κ−1(η) =
UNIFORM BOUNDS OF DISCRETE BIRMAN-SCHWINGER OPERATORS 19
(ξ1(η), η
′) for η ∈ κ(supp χ). We also denote fκ(η) = f(κ−1(η)). Using Lemma
B.1 and Lemma B.3, we have∣∣∣∣∫
Td
f¯(ξ)χ(ξ)2g(ξ)(h0(ξ)− z)−1dξ
∣∣∣∣
=
∣∣∣∣∫
Rd
f¯κ(η)χκ(η)
2gκ(η)(η1 − z)−1 dη|(∂ξ1h0)(ξ1(η), η′)|
∣∣∣∣
≤ C‖χκfκ‖
H
1
2
+ε(Rd)
‖χκgκ‖
H
1
2
+ε(Rd)
≤ C‖f‖
H
1
2
+ε(Td)
‖g‖
H
1
2
+ε(Td)
.
Similarly, we have∣∣∣∣∫
Td
f¯(ξ)χ(ξ)2g(ξ)((h0(ξ)− z)−1 − (h0(ξ)− z′)−1)dξ
∣∣∣∣
≤ C|z − z′|αε‖f‖
H
1
2
+ε(Td)
‖g‖
H
1
2
+ε(Td)
.
By using the Fourier transform, these imply the desired results. 
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